WHEN Min(G)~! HAS A CLOPEN 7-BASE
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ABSTRACT. It is our aim to add to the flourishing collection of knowledge cen-
tered on the space of minimal prime subgroups of a given lattice-ordered group.
Specifically, we are interested in the inverse topology. In general, this space is
compact and 71, but need not be Hausdorff. In [18] W. Wm. McGovern: Neat
rings, Journal of Pure and Applied Algebra, 205 (2006), 243-265, it was shown
that this space is a boolean space (i.e. a compact zero-dimensional and Hausdorff
space) if and only if the ¢-group in question is weakly complemented. A slightly
weaker topological property than having a base of clopen subsets is having a
clopen w-base. Recall that a w-base is a collection of non-empty open subsets
such that every non-empty open subset of the space contains a member of the
m-base; obviously, a base is a w-base. In what follows we classify when the inverse
topology on the space of prime subgroups has a clopen 7-base.

1. INTRODUCTION

Throughout (G, +,0,V,A) will denote a lattice-ordered group. Unless otherwise
noted, we do not assume that G is abelian. Recall that an f-subgroup H of G is
convex if whenever 0 < g < h for some h € H, then g € H. The set of convex
¢-subgroups of G is denoted by C(G). The intersection of any collection of convex
¢-subgroups is itself a convex f-group and therefore C(G) is a complete lattice when
partially ordered by inclusion. We shall denote the convex ¢-subgroup generated by
g € G, by &(g) and call this the principal convex /-subgroup generated by g.

A (proper) convex ¢-subgroup P of G is said to be a prime subgroup if whenever
a/Nb =0, then either a € P or b € P. The collection of all prime subgroups is known
as the prime spectrum of G and is denoted by Spec(G). By Zorn’s Lemma, given
any 0 < a € G there is a convex f-subgroup that is maximal with respect to not
containing a. Such a subgroup is called a value of a and we use Val(a) to denote the
set of values of a. It is known that values are prime subgroups, and not conversely.
In particular, Spec(G) is non-empty when G is non-trivial. Lattice-ordered groups
have the feature that the collection of primes containing a given prime forms a chain,
i.e. Spec(G) is a root system. Since the intersection of a chain of prime subgroups is
again a prime subgroup, it follows that minimal prime subgroups exist; the collection
of these is denoted by Min(G). It is this set that captivates our interest.
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The set Min(G) can be equipped with two topologies. Formally, the hull-kernel
topology on Min(G) has as a base of open sets the collection

H={U(g9): 9 € G}

where U(g) = {P € Min(G) : g ¢ P}. The collection H is closed under finite
unions and finite intersections. The complement of U(g) is denoted by V(g) =
Min(G) \ U(g) and we let
Z={V(g):g9€G}.

The set Z is obviously also closed under finite unions and finite intersections. The
inverse topology on Min(G) is the topology generated by the collection Z. Topo-
logically speaking, we distinguish between the topologies by letting Min(G) denote
the space equipped with the hull-kernel topology, and letting Min(G)~! denote the
space equipped with the inverse topology.

Lemma 1.1. Let G be an {-group and a,b,g € GT. Then
(a) U(a) NU(Db) =U(aAb), and
(b) V()N V(b) = V(a VD).
(¢) V(g) = Min(G) if and only if g = 0.
(d) V(g) =0 if and only if g is a weak order unit.

Recall that an element 0 < g € G is called a weak order unit of G, whenever it
satisfies the property that for all h € G, g A h = 0 implies h = 0.

A space is said to be zero-dimensional if it has a base of clopen subsets. The
space Min(G) is a zero-dimensional Hausdorff space; each member of H is a clopen
subset. However, the hull-kernel topology on Min(G) is not always compact. On
the other hand, the inverse topology on Min(G)~! is always compact and T}, but
not always zero-dimensional.

The f-group G is called complemented when it has the property that for each
0 < g € Gthereisan 0 < h € G such that gAh = 0 and gV h is a weak order unit of
G. (An element g € G for which there is such an h € G is called complemented
and such a pair g,h € GT is called a complementary pair.) Theorem 2.2 of
[7] states and proves that G is complemented if and only if Min(G) is a compact
Hausdorff space. Later, it was pointed out that G is complemented if and only if
Min(G) = Min(G)~!. (This last equivalence was first proved for abelian groups in
[18] and later mentioned in [14] that the proof carries over for all ¢-groups mutatis
mutandis. Much of the above can be phrased in terms of lattice theory; foundational
results in the theory can be traced back to the work of Kist [13] and Speed [19].)
Formally, we state this.

Theorem 1.2. For an {-group G the following are equivalent.
(1) G is complemented.
(2) Min(G) is compact.
(3) Min(G) = Min(G)~!.
It follows that if G is complemented, then Min(G)~! is a boolean space (that

is, compact, Hausdorff, and zero-dimensional). In [18] and [14] the authors classify
when Min(G)™! is a boolean space. The important algebraic notion is that of a
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weakly complemented /-group: whenever g A h = 0 there is a complementary
pair z,y € GT such that ¢ <z and h < y.

Theorem 1.3. Let G be an £-group. Then G is weakly complemented if and only if
Min(G) = is a boolean space.

In the paper [2], the authors generalized the notion of a weakly complemented
¢-group with the goal of classifying when Min(G)™! is a Hausdorff space. The /-
group G is called lamron if whenever g, h € G such that g A h = 0, then there are
z,y € GT such that g <z, h <y, gAy=0=hAuz, and x Vy is a weak order unit.
(Notice that in this definition the elements z and y need not be a complementary
pair.)

In [3], the authors investigated the space of maximal d-subgroups of G, de-
noted Max,4(G), and made a connection between a lamron ¢-group G and the space
Max4(G). We deviate and recall the fundamentals of d-subgroups.

First, for any set S C G, the polar of S is the set

St={geG:VseS|g|A|s| =0}

Fact, every polar is a convex f-subgroup. When S = {f} we instead write f*
and call this the polar of f. Notice that using this notation we could have defined
g € G to be a weak order unit if g& = {0}. The convex f-subgroup f= is called
the principal polar of f and such objects are used to define d-subgroups. An
H € C(G) is called a d-subgroup if for all h € H, h**+ C H. Notice that a proper
d-subgroup cannot contain any weak order units. When G has a weak order unit,
then maximal d-subgroups exist and are indeed prime subgroups. In the sequel
the only topology considered on Max,;(G) is the hull-kernel. For each g € G, let
Ui(g) ={M € Maxy(G): g ¢ M }.

Remark 1.4. The interested or unfamiliar reader should check the articles [11]
and [12] for more information on d-subgroups in the context of archimedean vector
lattices. According to M. Darnell [8], d-subgroups were originally called z-subgroups
by Bigard. However, given that z-ideals are a different well-studied concept in the
theory of continuous functions, nowadays it appears that the nomenclature of d-
subgroups is appropriate. Azarpanah and others [1], within the confines of ring
theory, call these z°-ideals. In our experience, we have found that searching for
d-ideals is easier than for z°-ideals.

Lemma 1.5. Let G be an {-group and a,b,g € GT. Then
(a) Ug(a) NUy(b) =U(a AD), and
(b) Ua(a) UUqa(b) = Ug(a V' b).
(¢) Uq(g) = Maxy(G) if and only if g is a weak order unit.

Example 1.6. In general, it is not the case that N Max,(G) = {0}. For example, let
G be the lexicographic extension of Z over H = ®,¢cnZ, the direct sum of countably
many copies of Z. Then Max;(G) = {H} # {0}. It is true that if G is archimedean
and has a weak order unit, then N Max,(G) = {0}; more on archimedean ¢-groups
later. Also, in §4, we characterize those elements satisfying V;(g) = Max4(G).
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We end this section with some interesting observations from [4]. We assume in
all that follows that G possesses a weak order unit.

(i) Each maximal d-subgroup is a prime subgroup. The set Maxy(G) can be
equipped with the hull-kernel topology making it into a compact Hausdorff
space.

(ii) For each P € Min(G) there is a unique d(P) € Max,(G) containing it, giving
rise to a continuous surjective map 0 : Min(G) ™! — Maxy(G).

(iii) The map ? is a bijection (and hence a homeomorphism) if and only if G is
a lamron /-group.
(iv) Min(G) = Max,4(G) if and only if G is complemented.

The following result is instrumental in our thinking.

Proposition 1.7. Let G be a lamron £-group. The following are equivalent.
(1) G is a weakly complemented £-group.
(2) Max,(G) is zero-dimensional.
(3) Min(G)~! is zero-dimensional.

The main question that intrigues us is whether it is possible to have an ¢-group
G for which Maxy(G) is zero-dimensional while Min(G)~! is not. Obviously, such
an £-group must not be lamron. It is within this framework that we were led to the
current work.

2. CLOPEN m-BASES

We start this section with the central topological definition pertaining to this
article.

Definition 2.1. Let X be a topological space. A collection 5 of (non-empty) open
subsets of X is called a w-base if every non-empty open subset of X contains some
member of B. Obviously, a base of (non-empty) open sets is a 7-base.

A clopen 7-base is a m-base for which each element in it is a clopen subset. For
example, any space with a dense set of isolated points has a clopen w-base. The
connection here is that the study of clopen subsets of Min(G)~! is akin to the study
of complemented elements of G.

Lemma 2.2. [18, Lemma 5.1] A subset K C Min(G)™! is clopen if and only if
K =U(e) for some complemented e € GT. Furthermore, if U(e) is a clopen subset
of Min(G)™1, then e is a complemented element.

Thus, the question of when Min(G)~! has a clopen 7-base can be answered effi-
ciently as follows. By a proper complemented element we mean a complemented
element which is not a weak order unit. Equivalently, a proper complemented ele-
ment is an e € G such that U(e) is a proper subset of Min(G)™!.

Theorem 2.3. The space Min(G)™! has a clopen w-base if and only if for every
non-weak order unit 0 < g € G there is a proper complemented element e € GT such
that g < e.
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Proof. Suppose Min(G)~! has a clopen 7-base, say B. By Lemma 2.2, each member
of B is of the form V(f) for some complemented element f € GT. We assume that
each V(f) # 0, hence each f is not a weak order unit. Take 0 < g € G and suppose
that g is not a weak order unit, then V(g) # 0. So, there exists a V(f) € B such
that V(f) C V(g). Since V(f) =V (f)NV(g) =V(fVg), it follows that fV gisa
proper complemented element.

Conversely, suppose that each positive non-weak order unit of G is surpassed by
a proper complemented element. Take a basic open set of Min(G) ™!, say V(g) with
0 < g, and without loss of generality we assume that g is not a weak order unit. By
hypothesis, there exists a proper complemented element g < e. Then V(e) C V (g).
Since () # V (e) it follows that the collection

B={V(e):0 < eisa proper complemented element of G}
is a clopen 7-base of Min(G) . O

This has led us to the following new type of subgroup.

Definition 2.4. Let H € C(G). We call H a c-subgroup of G if for all 0 < h € H
there exists a complemented element e € H' such that h < e. We let C.(G) denote
the collection of c-subgroups of G.

Some simple observations are in order. For c-subgroups to exist it is necessary that
G possess a weak order unit, in which case, by convention and definition, the trivial
subgroups are both c-subgroups. Thus, any convex ¢-subgroup of G containing a
weak order unit is a c-subgroup. Moreover, a convex ¢-subgroup is a c-subgroup if
and only if it is generated (vis-a-vis convexity) by its complemented elements. We
find it useful to notate the set of positive complemented elements.

Definition 2.5. Denote the set of complemented elements of G by ¢(G);
c(G) = {g € G : g is a complemented element of G}.
Lemma 2.6. The collection ¢(G) is a sublattice of GT.
Proof. Let g1, g2 € ¢(G) and choose hy,hy € G so that g; Ah; =0 and g; V h; is a

weak order unit (i = 1,2). We prove that g; V g2 is complemented with complement
h = hi A ho. First,
(g1Vg2) N = (g1 Ah)V (g2 Ah)

= (g1 Ah1Ah2) V(g2 Ah1Ahg)

= 0VO

= 0.
Second, to show that (g1 V g2) V h is a weak order unit, let ¢ € G satisfy

tA[(g1Vg2)Vh]=0.

Then [t A (g1 V g2)] V (tAh) =0, whence both ¢t A (g1V g2) = 0 and t A (h1 V h2) = 0.
The former implies that both t A g3 = 0 and ¢t A go = 0, whence the element ¢ A ho
has the property that it is disjoint from both g1 and h;. This implies it is disjoint
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from g1 V h1, a weak order unit. Consequently, ¢ A ho = 0. But then ¢ is disjoint
from g9 V ho, a weak order unit. Therefore, ¢t = 0. O

It is clear that ¢(G) contains each weak order unit. It is entirely possible that 0
is the only proper complemented element. Example 7.1 is such a case. In the sequel
we will be interested in those c-subgroups which do not contain any weak order unit,
calling these proper c-subgroups. It follows that the only proper c-subgroup in
Example 7.1 is {0}.

3. THE FRAME OF ¢-SUBGROUPS

As was already pointed out, C(G) is a complete lattice under inclusion. It is also
a distributive lattice and furthermore, finite meets distribute over arbitrary joins.
All of this together is easily stated by saying that C(G) is a frame. It is known
that the collection of d-subgroups of G, denoted C4(G), is also a frame ([16, §5]). In
general, C4(G) is not a subframe of C(G). We consider C.(G). For the next result
recall that the join of a collection of convex ¢-subgroups is the subgroup generated
by the collection ([8]).

Proposition 3.1. Let A, B € C.(G) and {H;} C C.(G). Let g € G*. Then
(a) AN B €C.(G),
(b) V Hi € Cc(G), and
(c) If g € ¢(G), then g* € C.(G).

Proof. (a) If AN B = {0}, then we are done. Otherwise, choose 0 < h € AN B.
By hypothesis, there are complemented elements, say a € AT and b € BT such that
h < a and h < b. Therefore, h < a A b, with the latter a complemented element
belonging to AN B.

(b) It suffices to show that H = \/ H; is a c-subgroup. To that end, let h € H*.
Then there is a collection hy,...,h, € G such that h; € Hj, and h < hy V...V hy.
Since each Hj, is a c-subgroup, there is a complemented e; € Hj, such that h; <e;
and therefore,

h<ei1V...Ve,

with the latter a complemented element belonging to H = \/ H;.

(c) Let h be a complement of g. Then for any 0 <t € g, t Vh € g+ is also a
complement of g as (tV h) V g is a weak order unit and g A (tV h) = 0. O

Theorem 3.2. Let G be an (-group. Then C.(G) is a subframe of C(G). In partic-
ular, Co(G) is an algebraic frame.

Proof. The main consequence of Lemma 3.1 is that since finite meets and arbitrary
joins are the same in C.(G) as in C(G), then C.(G) is a subframe of C(G). So this
only leaves us with proving that C.(G) is algebraic.

By definition, each c-subgroup is the directed join of principal convex f-subgroups
generated by complemented elements. Moreover, the principal convex ¢-subgroups
are the compact elements in C(G) and hence those in C.(G) are compact in C.(G).
The interested reader can finish the proof that the compact elements of C.(G) are
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precisely the principal convex f-subgroups generated by complemented elements.
Therefore, C.(G) is an algebraic frame.
O

In Example 7.3, we provide a concrete example to show that the converse of (c)

of Proposition 3.1 is not true. For now, we classify when the g is a c-subgroup for
all g € G.

Proposition 3.3. For all ¢ € G, g is a c-subgroup if and only if G is weakly
complemented.

Proof. Suppose G is weakly complemented and let 0 < g € G*. Let h € g-. By
hypothesis, there is a complementary pair 2,y € GT such that ¢ <z and h < y. It
follows that g Ay = 0, whence y € g is a complemented element for which h < .
Therefore, gt is a c-subgroup.

Conversely, suppose g, h € G satisfy g A h = 0. Then h € g, a c-subgroup, so
there is a complemented element y € g with h < y. Let 2 be a complement of y

and observe that so is 2/ = x V ¢g. Thus, G is weakly complemented.
O

Remark 3.4. A consequence of Theorem 3.2 is that C(G) = C.(G) if and only if ev-
ery principal convex f-subgroup is a c-subgroup. But then either of these conditions
occur if and only if G is complemented.

The embedding of C.(G) into C(G) is a frame homomorphism and therefore, there
is an adjoint map h, : C(G) — C.(G). We expand on this. (For more information
on the adjoint map of a frame homomorphism the reader may consult [17, Definition
and Remarks 2.2].)

Starting with an H € C(G) define

H.={he€ H:|h|<eforsomeec H Nc(G)}.

Clearly, H. C H. Furthermore, by Lemma 2.6, H. € C.(G) and it is the largest c-
subgroup contained in H. Another way of describing H. is as the convex ¢-subgroup
of H generated by the complemented elements of H. It is possible that H. = {0}
while H # {0}. By definition, H is a c-subgroup if and only if H = H.. Moreover,
the map h, : C(G) — C.(G) is given by h.(H) = H,.

We are now ready to state our main result, characterizing when Min(G)~! has a
clopen m-base.

Theorem 3.5. Suppose G is an £-group. The following are equivalent.
(1) Min(G)~! has a clopen w-base.
(2) For every mon weak order unit 0 < g € G, there is a proper complemented
element e € G such that g < e.
(3) For every non weak order unit 0 < g € G, there is a non-zero complemented
element f such that f A g=0.
(4) For every non weak order unit 0 < g € G, g+ # 0.
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Proof. (1) and (2) are equivalent by Theorem 2.3.

(2) implies (3). Let 0 < g € G be a non weak order unit. This means there is
some 0 < h € G such that g A h = 0. By (2), there is some proper complemented
0 < e € G such that g <e. Let 0 < f € G be a complement of e. In fact, since e is
proper 0 < f. Then e A f = 0 implies that g A f = 0.

(3) implies (1). Let V(g) be a basic open subset of Min(G)~! with 0 < g. We
assume that () # V(g) C Min(G). It follows that g is not a weak order unit and
g # 0. By (3), there is some complemented element 0 < f such that f Ag = 0. Note
that f is not a weak order unit. Let 0 < e be a (proper) complement of f. A quick
check ensures that ) # V(e) C V(g). Since e is complemented, V(e) is a clopen
subset of Min(G)™!. Consequently, Min(G)~! has a clopen m-base.

The proof that (3) and (4) are equivalent is straightforward and left to the inter-
ested reader. O

Remark 3.6. Observe that the order of operation in the symbol g (item (4)) is
to first take the polar of g, and then take the largest c-subgroup inside of g*. In
general, this is not the same as taking the polar of the c-subgroup generated by
®(g). For example, if G has only trivial c-subgroups, then for a non weak order unit
(g1)e = {0} whereas, (&(g).)*" = G.

4. THE d-RADICAL OF AN /-GROUP

It was an original thought on our part that Theorem 1.7 could be generalized by
changing each instance of the phrase is zero-dimensional to has a clopen w-base. In
trying to prove this we noticed that the intersection of all maximal d-subgroups is
of importance. We continue to assume that G has weak order units. For the sake
of ease, let to(G) denote the set of positive weak order units of G.

Definition 4.1. Denote the intersection of all maximal d-subgroups by 9(G) and
call this the d-radical of G.

Proposition 4.2. Let G be an £-group containing weak order units. Then
M(G) ={g€G:Yhe G, hV|g| € w(Q) if and only if h € w(G)}.

Proof. Suppose g € G has the property that if h V |g| € w(G), then h € w(G). If
g & M(G), then there is some maximal d-subgroup M € Max,(G) such that g ¢ M.
The join of &(g) and M must therefore contain a weak order unit. It follows from
the Riesz Representation Theorem and the Triangle Inequality, that for some finite
set 0 <mq,...,mp, € M and ky...,k, € N, the element

kig+mi+ka+mo+ ...+ kng +my € 0(G).

Subsequently, there is some 0 < ¢’ € B(g) and 0 < m € M such that ¢’ Vm is a
weak order unit. But then so is |g| V m. So, by choice of g, m € M is a weak order
unit, a contradiction. Therefore, g € 9M(G).

Conversely, let g € M(G). Obviously, if h € w(G), then so is h V |g| € w0 (G). So
suppose that h € G and hV g € w(G). If h is not a weak order unit, then there
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is some M € Maxy(G) such that h € M. But then so is h V |g|, a contradiction.
Therefore, h € w(G). O

A natural question is whether MM(G) < G. We demonstrate this now. The first
two results of the next proposition can be found in [6].

Proposition 4.3. Let G be an £-group.
(a) Conjugation is an £-isomorphism.
(b) For eachx,g € G, 2+ g+t -2 = (z+g—2)*t.
(c) For each x € G, if H is a d-subgroup, then x + H — x is a d-subgroup.
(d) For each x € G and M € Maxy(G), x + M — x € Max,(G).

Proof. (¢) Suppose x € G and let y € x + H — 2. Then —z + y + x € H, whence
—r4ytttr=(—z4y+a)tt CH
Therefore, y*+ C x + H — .

(d) Let M € Max,4(G) and take any d-subgroup H containing x + M — z. Then
M C —x + H + z, the latter being a d-subgroup. It follows that M = —x + H + «x,
whence z + M —x = H. So, x + M — z € Max,(G). O

The following is a consequence of Proposition 4.3 (d).

Proposition 4.4. Let G be an {-group containing a weak order unit. Then the
d-radical of G is a normal subgroup of G, i.e. M(G) I G.

Definition 4.5. For the lack of a better term we call an element 0 < g € G left
fusible if it can be written as the sum of a weak order unit and a non weak order unit.
An f-group is called left fusible if it has the property that every nonzero positive
element is left fusible. We define a right fusible element and ¢-group analogously. A
positive element that is both left and right fusible will be called fusible. It ought to
be clear what we mean by a fusible ¢-group.

Clearly, (positive) weak order units are fusible and 0 is never considered fusible.

Proposition 4.6. Let G be an £-group containing a weak order unit. The following
statements are equivalent.

(1) The d-radical of G is zero.

(2) For each 0 < g € G there is some non weak order unit h € Gt such that

gV h is a weak order unit.

(3) G is left fusible.

(4) G is fusible.

(5) G is right fusible.

Proof. (1) implies (2). Let 0 < g € G. If g is a weak order unit, then h = 0 works.
Otherwise, by hypothesis, g ¢ 9(G). Applying Proposition 4.2 and observing that
h € w(G) always implies g V w € w(G), then this means there is some non weak
order unit 0 < h € G such that g vV h is a weak order unit.
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(2) implies (3). Let 0 < g € G be a non weak order unit. By (2), there is some
non weak order unit & € G* such that hV g € o(G). Since

(g +h)=8(gVh)=06h)Vv&(g)

it follows that ¢ + h € w(G). Therefore, g = (¢ + h) + (—h) is a left fusible
representation of g.

(3) implies (1). Let 0 < g € G. We aim to show that g ¢ 9(G), which by
Proposition 4.2 is tantamount to finding a non weak order unit h € Gt such that
gV h € w(G). By (3), there is some weak order unit w € G and non weak order
unit m € G such that ¢ = w + m. Now,

w=g-—me&(g)V&(m)==&(g)V&(m|) =&(gV|m).

It follows that gV |m| is a weak order unit. Since m is not a weak order unit, neither
is |m|. Consequently, g ¢ 9M(G) and so M(G) = {0}.

The rest of the proof follows in the same vein once you observe that the join
operation is commutative.

0

Remark 4.7. Notice that every complemented ¢-group is fusible and thus, so is
every projectable ¢-group. Those familiar with the analogy of ¢-groups to semi-
prime commutative rings with identity can attest to the fact that this situation is
analogous to saying that every non-zero element can be written as the sum of a
(left) zero-divisor and a non-zero-divisor. Such rings are called left fusible (see [9]).
The slight difference is that in a ring addition is commutative, though multiplication
need not be. There are left fusible rings that are not right fusible.

In most of the previous work done on maximal d-subgroups authors have been
interested in archimedean f-groups. In the archimedean case, it can be shown that
M(G) = {0}. Some time ago, the question arose of whether an archimedean /(-
group with weak order unit is fusible. Professor A.W. Hager provided a proof which
directly showed that such an object is fusible. Here we supply a different proof.

Proposition 4.8. Suppose G is an archimedean £-group with a weak order unit.
Then NMaxy(G) = {0}, and such an £-group is fusible.

Proof. Let G be an f-group and 0 < u € G a weak order unit. We begin by
demonstrating that any element in N Maxy(G), say g, also belongs to NVal(u). To
that end, let V' € Val(u) and choose a minimal prime beneath V', say P. Since
P does not contain any weak order units it follows that P can be extended to a
convex f-subgroup M which is maximal with respect to not containing any weak
order units, i.e. a maximal d-subgroup ([5, Proposition 4.3]), i.e. M € Max,(G).
Since u ¢ M, then we can extend M to a value of u, which must be V' since Spec(G)
is a root system. Therefore, M C V. Since g € M, then g € V. Therefore,
N Maxg(G) € NVal(u).

Finally, archimedean ¢-groups have the property that N Val(u) = {0}. Therefore,
an archimedean ¢-group is fusible. O
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We end this section with a now obvious characterization of the d-radical of an
{-group.

Proposition 4.9. Let G be an £-group. Then
M(G) ={g € G:|g| is not fusible }.

5. WHEN Max,;(G) HAS A CLOPEN 7-BASE

Interestingly, to classify when Max,(G) has a clopen m-base one needs a result
similar to Lemma 2.2. Unfortunately, the existence of non-zero non-fusible elements
in an arbitrary /-group muddles up the situation.

Lemma 5.1. Let G be an (-group with a weak order unit. Let K C Maxy(G). Then
K is clopen if and only if there is a pair g,h € G such that g AN h € M(G) and
gV h is a weak order unit and K = Ugy(g). In particular, if e € ¢(G), then Ug(e) is
a clopen subset of Max,(G).

Furthermore, if K = Uy(g) is clopen for g € GT, then there is some h € G such
that g AN h € M(G) and gV h € w(G).

Lastly, if G is fusible, then for any 0 < g, Uy(g) is clopen if and only if g is
complemented.

Proof. The last two statements certainly follow from the first paragraph.

Let K be a clopen subset of Max,(G). Recall that Maxy(G) is compact Hausdorff
so that K = Uy(g) for some g € G*. Similarly, Maxy(G) ~ K = Uy(h) for some
h € GT. Tt follows that Uy(gV h) = Ug(g) UUy(h) = Maxy(G) so that gV h € w(G).
Now, Ug(g A h) = () implying that g A h € M(G).

Conversely, suppose g, h satisfy the condition that g A h € M(G) and g V h is a
weak order unit and K = Uy(g). Then,

Ua(g) NUq(h) = Ua(g AN h) =10

and
Ua(g) U Ua(h) = Ua(g V h) = Maxq(G).
Consequently, K = Uy(g) is a clopen subset of Max,(G).
Finally, suppose K = Uy(g) is clopen. Then for any h € G for which Uy(h) =
Maxq(G) ~\ Ug(h) will also satisfy that g A h € MM(G) and g V h € w(G). O

In order to characterize when Max4(G) has a clopen m-base we first consider
when G is fusible. Notice the dual nature of our next proposition in comparison to
Theorem 2.3.

Proposition 5.2. The (-group G is fusible and the space Maxq(G) has a clopen -
base if and only if for each 0 < g € G, there exists an e € ¢(G) such that 0 < e < g.

Proof. First, suppose that Maxy(G) has a clopen m-base and G is fusible. Let
0 < ge . If g is a weak order unit, then we are done. Otherwise, by Lemma 5.1,
choose a complemented element 0 < e € G such that () # Ug(e) C Uy(g). Then
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Ua(e) = Ug(e) NUq(g) = Ugle A g), so e A g is complemented as G is fusible. Since
Ug(e) is not empty it follows that 0 <e A g < g.

Conversely, suppose that for each 0 < g € G, there exists an e € ¢(G) such that
0 < e <g. Let Ui(g) be a basic non-empty subset of Max,;(G). Without loss of
generality, 0 < g. By hypothesis there is some 0 < e € ¢(G) such that 0 < e < g.
Then Uy(e) is a non-empty clopen subset of Max;(G) and

Ua(e) = Ua(e A g) = Ua(e) NUa(g) € Ua(g).

Consequently, Max,(G) has a clopen 7-base.

Next, let 0 < g € M(G). If 0 < g then we can choose e € ¢(G) such that 0 < e < g.
Since M(G) is a convex ¢-subgroup it follows that e € 9M(G), contradicting that e
is complemented. Therefore, M(G) = {0}, i.e. G is fusible. O

Remark 5.3. Recall that if G is lamron, then Min(G)~! and Max,(G) are homeo-
morphic. Therefore, one of them has a clopen 7-base precisely when the other does.
Since we cannot determine whether a lamron ¢-group is fusible, we are not satisfied
with our next theorem. On the bright side, the case does cover a lot of ground.

Remark 5.4. Recall that in Remark 3.4, the map h, : C(G) — C.(G) was defined
by h.(H) = H.. The authors in [17] defined such a map h. to be x-dense if
h«(H) = 0 implies H = 0. We remarked in Section 3 that it is possible that
H. = {0} while H # {0}, that is, it is possible for the embedding C.(G) — C(G)
not to be x-dense. In the result that follows we show, amongst other things, that the
*-density of this frame homomorphism is equivalent to Min(G)~! having a clopen
m-base.

Theorem 5.5. Let G be a fusible £-group. The following statements are equivalent.
(1) Min(G)~! has a clopen 7-base.
(2) For each 0 < g € G, there exists a proper complemented element e € ¢(G)
such that 0 < g < e.
(3) Maxq(G) has a clopen m-base.
(4) For each 0 < g € G, there exists an e € ¢(G) such that 0 < e < g.
(5) The embedding of C.(G) into C(G) is x-dense.
In particular, if G is an archimedean (-group, then Min(G)™! has a clopen m-base
if and only if Maxy(G) has a clopen m-base.

Proof. (1) and (2) are equivalent for all ¢-groups (Theorem 2.3). It is also straight-
forward to check that (4) and (5) are equivalent for all /-groups. Theorem 5.2 says
that (3) and (4) are equivalent for all fusible ¢-groups.

Recall from our discussion prior to Proposition 1.7, that the map 9 : Min(G) ™! —
Max4(G) is a continuous surjection.

(1) implies (3). Let U4(g) be a basic non-empty open subset of Maxy(G) with
0 < g € G. Choose M € Uy(g) and let P € Min(G) for which 9(P) = M. Notice
that P € 0~ 1(Uqg(g)), the latter being an open subset of Min(G)~! by continuity of d.
Thus, there is some 0 < h € G so that P € V/(h) C 2~ 1(Uy(g)). By hypothesis, there
is a non-empty clopen subset of Min(G)™!, say Ul(e), such that () # U(e) C V(h).
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Since e is complemented it follows that Ug(e) = 9(U(e)), which is a non-empty
clopen subset of Max;(G). Furthermore, Ug(e) C Uy(g). Consequently, Maxy(G)
has a clopen m-base

(4) implies (2). Suppose for each 0 < g € G, there exists an e € ¢(G) such that
0 <e<g. Let 0 <g e G and assume without loss of generality that g is not
a weak order unit, and so there exists 0 < h € g-. By hypothesis, there exists a
complemented element 0 < e < h. Let f be a complement of e so that f Ae =0
and f Ve is a weak order unit. Set f' =gV f; clearly g < f’. Now, fVe< f' Ve,
whence f’V e is also a weak order unit. Also,

ffhe=(gVfirne=(gNe)V(fAe)=0.

It follows that f’ is a proper complemented element above g. ]

Remark 5.6. We observed above that a continuous surjection of a topological space
with a clopen w-base has a clopen m-base. Therefore, the content of the above proof
corroborates that the topologies of Min(G)™! and Maxy(G) are closely aligned.

Remark 5.7. A thorough inspection of Theorem 5.5, reveals that condition (4) is
the strongest. Condition (4) implies that Min(G)~! has a clopen 7-base, which in
turn implies that Max4(G) has a clopen m-base. There are examples of (-groups G
for which Max4(G) has a clopen m-base yet Min(G) ™! does not. Also, imposing the
lamron condition yields that conditions (1), (2), and (3) are equivalent, and we do
not know whether they in turn imply (4).

Question 5.8. It ought to be apparent that a weakly complemented ¢-group is
fusible. We have been unable to show that a lamron /-group is fusible, even for
abelian /-groups. We also do not know whether an /-group with stranded primes is
fusible. We guess not in both cases.

6. W

The work in this section takes place in the category W. Objects in W are pairs
(G,u) where G is an archimedean lattice-ordered group and u is a distinguished
(positive) weak order unit. A morphism in W, between (G,u) and (H,v), is an
¢-group homomorphism ¢ : G — H such that ¢(u) = v. One of the main features
of this category is seen through the Yosida Embedding Theorem.

Recall that the Yosida space of a W-object (G, u) is the space of values of u; this
set is denoted by Y'G. This space is always compact and Hausdorff when equipped
with the hull-kernel topology. A basic open set is of the form

coz(g) ={p€YG: g ¢ P}

for some g € G. The set coz(g) is called the cozero-set of g and the collection
of all such cozero-sets is termed the set of G-cozero-sets and is denoted by coz(G).
The complement of coz(g) is denoted by Z(g) and is called the zero-set of g. The
collection of G-zero-sets is denoted by Z(G). It ought to be clear that coz(g V f) =
coz(g)Ucoz(f) and coz(g A f) = coz(g) Ncoz(f) for all f,g € GT. Thus, both coz(G)
and Z(G) are lattices under inclusion.
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Definition 6.1. Recall that for a compact Hausdorff space X, the set D(X) denotes
the collection of all almost real-valued continuous functions on X. Let R =
R U {£} denote the two point compactification of the space of reals. An element
f € D(X) has the feature that f : X — R is continuous and f~!(R) is a dense
subset of X. This set need not be a group as addition might not make sense, but
it is always a lattice. To say that H is an ¢-subgroup of D(X) implies that H is in
fact closed under addition.

Corollary 6.2. Let (G,u) be a W-object. For all0 <v € G, v is a weak order unit
of G if and only if coz(v) is a dense subset of YG.

Proof. The proof of this is well-known, but we include it here for completeness sake.
Let 0 < v € G be a weak order unit. Let f € G satisfy coz(f) Ncoz(v) = 0. Then
coz(f Av) = 0, whence f Av =0 so that f = 0. Therefore, coz(v) is a dense subset
of YG.
Conversely, if coz(v) is a dense subset, then for any 0 < f € G, coz(v A f) =
coz(f) Ncoz(v) # 0. But then v A f # 0, so that v is a weak order unit. O

Theorem 6.3 (The Yosida Embedding Theorem). Let (G, ) be a W-object. There
is an C-isomorphism of G (g — g) onto an £-subgroup G< D(Y Q) such that 4. =1
and G has the following separation property: for eachp € YG and closed setV C Y G
not containing p, there is some g € G for which g(p) =1 and §(q) =0 for allg € V.
Moreover, Y G is the unique compact space, up to homeomorphism, satisfying these
two properties.

Example 6.4. The prototypical example of a W-object is C(X), the set of continu-
ous real-valued functions on a topological space X. We assume that X is Tychonoff,
that is, completely regular and Hausdorff. It shall be assumed, unless otherwise
noted, that when considering C'(X) as a W-object, that the constant function 1 is
the distinguished weak order unit. In this case, the Yosida space of (C(X),1) is the
Stone-Cech compactification of X, 5X.

For f € C(X), the cozero-set of f is coz(f) = {x € X : f(x) # 0}. A cozero-set
of the space X is a set of the form coz(f) for some f € C(X). The collection of all
cozero-sets (resp. zero-sets) of X is denoted by coz(X) (resp. Z(X)). Notice that a
cozero-set of X is not necessarily a C(X)-cozero-set of f as the latter is a subset of
B8X. We do observe that when X is compact then the notions coincide. Moreover,
for any W-object (G, u), each G-cozero-set (resp. G-zero-set) is a cozero-set (resp.
zero-set) of YG. For a more thorough explanation of this see [4, Example 3.2].

Definition 6.5. Let (G,u) € W. The following collection of regular closed subsets
of Y G play a pivotal role in the classification of classes of W-objects. The interested
reader can also check [5].

1) R(YG)={V CYG:V =clint V}.

2) Z4G) = {clint Z(g) : f € GT}.

3) clcoz(G) = {clcoz(g) : g € GT}.

4) cc(G) = {coz(e) : e € ¢(G)}.

5) 9(G) ={clC :C € cc(G)}.
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(6) Clop(G) ={K CYG : K is a clopen subset of YG} = Clop(YG).

When X is a compact space and G = C(X), then instead we write Z%(X), cl coz(X),
ce(X), and ¢9(X).

For any W-object (G, u) we know that Z*(G) C Z*(YG), Clop(G) C cc(G) C
clcoz(G) C clecoz(YG), and 9 (G) C cc(YG). When ordered by inclusion R(Y G) is
a complete boolean algebra. The lattice operations are given as follows.

(i) VWU Vv, =vu Vo
(ii) Vin' Vy = clint(Vl N Vg);

(iii) V! =c(YG\ V).

Observe that the above lattice operations make ¢(G) into a boolean algebra.
Furthermore, the equality in item (iii) yields that the set of complements of Z*(G)
in R(YG) is precisely clcoz(G). Tt follows that either of Z#(G) or clcoz(G) is a
boolean algebra if and only if Z¥(G) = clcoz(G) .

The following three results are very useful in doing calculations on the just-defined
objects. The results are stated in terms of a compact Hausdorff space and therefore
hold for the Yosida space of any W-object.

Lemma 6.6. Let X be a compact Hausdorff space and let Z,Z1,Zy € Z(X). The
following hold.

(a) clint Z1 N clint Zy = clint(Zy N Zs).

(b) clint Z; U clint Zy = clint Z; U clint Zy = clint(Z; U Z3).

(¢) (clint Z) = cl(X \ Z).

Lemma 6.7. Let X be a compact space and let f,g € C(X)T. The following hold.

(a) clcoz(f) N clecoz(g) = cl(coz(f) Ncoz(g)) = cleoz(f A g).
(b) cleoz(f) U cleoz(g) = cl(coz(f) Ucoz(g)) = clcoz(f V g).

Corollary 6.8. Let (G,u) be a W-object. Then each of Z*(G), clcoz(G), and cc(G)
is a sub-lattice of R(Y Q).

Definition 6.9. Recall that given a boolean algebra 7, a sub-boolean algebra,
A, is said to be dense in &7, if for every non-zero 0 < a € A, there is a nonzero
0 < b € B such that b < a.

The density property has been used to characterize completions of boolean alge-
bras. In particular, &/ is a completion of 4 if &/ is a complete boolean algebra and
A is dense in A.

We are now in position to provide some different ways of looking at the situation
of when Max4(G) has a clopen 7m-base. What is new to this theorem (see Theorem
5.5) is the connection to the Yosida space of (G, u).

Theorem 6.10. Let (G, u) be a W-object. The following statements are equivalent.
(1) Max4(G) has a clopen m-base.

(2)
(3) For each 0 < g € G, there exists an e € ¢(G) such that 0 < e < g.

(4) For each 0 < g € G, there exists a proper e € ¢(G) such that 0 < g < e.
(5) The collection cc(G) is an open m-base of Y G.



16 R. LAFUENTE-RODRIGUEZ AND W. WM. MCGOVERN

(6) The sub-boolean algebra 4(G) is dense in R(YG).
(7) The collection of interiors of complemented G-zero-sets is an open w-base of
YG.

Proof. Clearly, (1), (2), (3), and (4) are equivalent since a W-object is fusible:
Theorem 5.5.

(1) implies (5). Let O be a non-empty open subset of YG. Choose 0 < g € G*
such that () # coz(g) € O. By (3), there is a complemented 0 < e < g. Observe
that () # coz(e) C coz(g). Consequently, cc(G) is a w-base for Y G.

(5) implies (6). Let 0 # V € R(YG), a non-empty regular closed subset. By
(5) we can choose 0 < e € ¢(G) such that coz(e) C int V. Then () # clcoz(e) C
clint V = V. Therefore, 4(G) is dense in R(Y G).

(6) implies (7). Let O C YG be a non-empty open subset. We can shrink O
down to a non-empty G-cozero-set, say coz(g), such that clcoz(g) € O. Since
cleoz(g) € R(YG), we can apply (6) and choose some e € C(G) such that () #
clcoz(e) C clcoz(g). Let f € ¢(G) be a complement of e. It is straightforward to
check that () # int Z(f) C clcoz(e), whence int Z(f) C O.

(7) implies (3). Let 0 < ¢’ € G. As mentioned before, we can shrink down coz(g’)
to a G-cozeroset, say coz(g), so that

coz(g) C cleoz(g) C coz(g’).

By (7), there is a complemented element f € ¢(G) such that 0 # int Z(f) C coz(g).
Let e € ¢(G) be a complement of f and note that coz(e) C int Z(f). It follows that
coz(e) = coz(e)Ncoz(g) = coz(eAg). Thus, ¢’ = eAg has the property that ¢’Af =0
and €' V f is a weak order unit (Corollary 6.2). Therefore, €’ is a complemented
element and 0 < €’ < g.

U

7. EXAMPLES

We recall some of the examples from [5] and supply some new ones to help round
out the theory.

Example 7.1. In the paragraph after Lemma 2.6, it was mentioned that there
are examples of /-groups whose non-zero complemented elements are precisely the
weak order units. These are precisely the /-groups so that Min(G)~! is connected.
If the /-group G is fusible, then Min(G)~! is connected if and only if Maxy(G) is
connected.

In the context of W, the above is characterized by the property on Y G that says
Y G is connected and there are no proper dense G-cozero-sets; the latter half of this
is covered in [5, Theorem 5.3]. This happens if and only if Max;(G) = YG. For
C(X) this is saying that X is a connected almost P-space, which is equivalent
to saying that X is a connected pseudo-compact almost P-space ([15, Proposition
2.2]). (A space X is an almost P-space if it has no proper dense cozero-sets.) The
space Z = 3]0, 1] \[0,1] is a connected compact almost P-space.



WHEN Min(G)~! HAS A CLOPEN #-BASE 17

Example 7.2. Recall Example 1.6, G = Z x @Z is the lexicographical extension
of Z over H, the direct sum of countable many copies of Z. This is not a fusible
¢-group since H is the maximal d-subgroup. Moreover, in this case, Min(G)~! is
homeomorphic to the naturals equipped with the co-finite topology which does not
have a clopen m-base. However, Max,(G) does have a clopen 7-base, trivially.

This construction can be generalized to any H with no weak order unit and
obtain that, the ¢-group G = Z x ﬁ satisfies that the space Min(G)~! is connected.
As mentioned before G is not fusible, and G has a unique maximal d-subgroup;
Maxq(G) ={H} is trivially connected. Observe that if H has a weak order unit,
then H is not a maximal d-subgroup of G.

If G has a unique maximal d-subgroup, say K, then G is a lex extension of K
and so Min(K)~! is homeomorphic to Min(G)~!. Moreover, K must have not any
weak order units and so this is the case as above.

Example 7.3. The converse to (c) of Proposition 3.1 is not true. Namely, that it
is possible that f is a c-subgroup without f being a complemented element.

Let X be the space obtained by taking aN and w] (the space of countable ordinals
together with wq) and gluing at the points o and wy. The function f which maps
the natural n € aN to % and everything in wj to 0 is not a complemented element.
However, any function 0 < g € f* must send w; to 0 and therefore be 0 on an
interval around w;. Therefore, the cozero-set of g is contained in a proper clopen
subset of w] and so g is beneath some multiple of a characteristic function belonging
to f+: such an element happens to be a complemented element. Consequently, f+
is a c-subgroup. One can check that there is no complemented element g such that

=g

Question. Reading Remark 5.8 once again, we are left with the question of
whether for a general f-group G condition (4) of Theorem 5.5 is equivalent to
Min(G)~! possessing a clopen 7-base. Notice that condition (4) is equivalent to
the statement that G. < G is a dense extension, which is sufficient for G to be
fusible. Therefore, we are left with the question of whether there is a non-fusible
{-group with Min(G)~! having a clopen m-base. If T is a totally ordered group and
H is an /-group, then Min(T x H)~! is homeomorphic to Min(H)~!. Thus, the use
of lexicographical extensions seems to not be useful in constructing such a group,
Since laterally complete ¢-groups are complemented, this also rules out the typical
constructions like Aut(€2) and Hahn groups.

Acknowledgements. We would like to thank the referee for their careful reading
of the article. Their comments and suggestions have improved the content and style
of the paper.

REFERENCES

[1] F. Azarpanah, O. A. S. Karamzadeh, A. R. Aliabad, On z°-ideals in C(X), Fund. Math., 160,
15-25 (1999). MR1694400



18

2]

(17]
(18]

(19]

R. LAFUENTE-RODRIGUEZ AND W. WM. MCGOVERN

P. Bhattacharjee and W. Wm. McGovern. When Min(A)™! is Hausdorff, Comm. Alg. 41
(2013) 1-10. MR3010524

P. Bhattacharjee and W. Wm. McGovern. W, in preparation.

P. Bhattacharjee and W. Wm. McGovern. Lamron £-groups, Quaest. Math., 40 (2017), no. 1,
57-61. MR3761490

P. Bhattacharjee and W. Wm. McGovern. Mazimal d-subgroups and ultrafilters, Rendiconti
del Circolo Matematico di Palermo Series 2, 67(3), 421-440.

P. Conrad, Tulane Notes, 1970.

P. Conrad and J. Martinez. Complemented lattice-ordered groups, Indag. Mathem., N.S., 1(3)
(1990), 281-298. MR1075880

M. R. Darnel, Theory of Lattice-ordered Groups. Monographs and Textbooks in Pure and
Applied Mathematics 187, Marcel Dekker, 1995. MR1304052

E. Ghashghaei and W. Wm. McGovern, Fusible rings, Comm. Alg., 45 (2017), no. 3, 1151-1165.
MR3573366

L. Gillman and M. Jerison. Rings of Continuous Functions, Graduate Texts in Mathametics,
Vol. 43, Springer Verlag, Berlin-Heidelberg-New York, 1976. MR0407579

C. B. Huisjmans and B. de Pagter, Mazimal d-ideals in a Riesz space, Canad. J. Math. 35
(1983), no. 6, 1010-1029. MR0738841

C. B. Huisjmans and B. de Pagter, On z-ideals and d-ideals in Riesz spaces, II. Nederl. Akad.
Wetensch. Indag. Math. 42 (1980), no. 4, 391-408. MR0597997

J. Kist, Compact spaces of minimal prime ideals, Math. Z. 111 (1969) 151-158. MR0245566
M. L. Knox and W. Wm. McGovern. Feebly projectable £-groups, Alg. Univ., 62 (2009), No. 1,
91-112. MR2645226

R. Levy, Almost P-spaces Canad. J. Math. 29 (1977), no. 2, 284-288. MR0464203

J. Martinez and E. R. Zenk When an algebraic frame is regular, Alg. Univ., 50 (2003) 231-257.
MR2037528

J. Martinez and E. R. Zenk Epicompletion in frames with skeletal maps. 1.: Compact reqular
frames, Appl. Categ. Structures, 16 (2008), no. 4, 521-533. MR2421540

W. Wm. McGovern, Neat rings, Journal of Pure and Applied Algebra, 205 (2006), 243-265.
MR2203615

T. P. Speed, Spaces of ideals of distributive lattices. II.: Minimal prime ideals, J. Austral.
Math. Soc. 18 (1974), 54-72 MR0354476

'UNIVERSITY OF SOUTH DAKOTA, DEPARTMENT OF MATHEMATICAL SCIENCES, VERMILLION,
SD 57069
E-mail address: Ramiro.LafuenteRodri@usd.edu

2WILKES HONORS COLLEGE, FLORIDA ATLANTIC UNIVERSITY, JUPITER, FL 33458
E-mail address: warren.mcgovern@fau.edu



